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ASBSTRACT

Wobble damping using CMGs is investigated for possible
application on a Skylab artificial gravity experiment. Control
torques provided by CMGs are assumed proportional to spacecraft
angular velocity components perpendicular to its spin axis.

This control law is found to damp wobble but results in accumulated
CMG angular momentum. A tradeoff is shown to exist between the
wobble decay time and CMG momentum accumulation.

Venting torques and small misalignments of spacecraft
control axes from principal axes are both found to result in a
secular component of CMG angular momentum. While the momentum
buildup rate associated with venting torques is negligible, the
buildup rate associated with control axis misalignments is not;
CMG momentum saturation can occur within an hour. To alleviate
this problem, continual realignment of control axes along principal
axes may be needed. For purposes of continual realignments, a
method is given for locating principal axes using measurements of
the spacecraft angular velocity. Also helpful is switching off
the control when wobble velocities reach an acceptably low level.

Torques due to gravity gradient, crew motion, and vent-
ing were found to produce undamped wobble motion insufficient to
be detrimental to crew comfort (based on current estimates for
limits on man's physiological tolerances and adaptability). Con-
sequently, wobble damping may not be necessary, particularly in
view of damping phenomena inherent in the Skylab vehicle.
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INTRODUCTION

As manned spacecraft have become more sophisticated
and as mission durations have become more prolonged, serious
thought has been given to providing crews with an environment
approaching that on earth. A step in this direction is arti-
ficial gravity obtained by spinning of the spacecraft. Such
an artificial gravity option is being considered for the pro-
posed second Skylab.

For the purposes of crew comfort, it is desirable
for the spacecraft angular velocity vector to be fixed in
inertial space and hence in the spacecraft as well. Any non-
constant components of angular velocity in a spacecraft frame
are termed wobble velocities and elimination of these is the
objective of wobble damping.

Pringle! has rigorously shown that a perturbed
spinning body subjected to internal damping experiences asymp-
totically stable motion if and only if the spin axis is the
axis of maximum moment of inertia. This implies not only that
a spacecraft must be spun about this axis but also that wobble
damping can be accomplished by providing control torques which
appear as damping terms in the spacecraft equations of motion.
Control torques proportional to angular velocity components in
the directions of axes associated with the two spacecraft

smaller principal moments of inertia can be shown to have this
form.

The work of Appendix A investigates wobble motion and
CMG requirements for a spinning satellite. The CMGs provide
control torques proportional to angular velocity components
along the control axes, which are considered slightly misa-
ligned from satellite principal axes. In practice, uncertain-
ties in construction, structural deformation, and relocation
of crew and equipment within a spacecraft prevent precise
knowledge of the location of principal axes.

1970

R. A. Wenglarz
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For eventual application to venting, the effect of
small, constant, body-fixed torques on a spacecraft are consid-
ered in Appendix B. Both Appendices A and B neglect gravity
gradient, aerodynamic, and other environmental torques.

This memorandum is arranged as follows: The motion
of Skylab is determined for a worst case crew motion and a
method is given for continual realignment of control axes along
principal axes. Then, assuming this method results in negligi-
bly small misalignments, CMG requirements are determined for
the worst case crew motion and for constant venting torques.

WOBBLE DAMPING FOR SKYLAB

A Skylab configuration modified with masses on booms
and spinning about its axis of maximum moment of inertia (here-
after designated the X, axis) is being studied? for artificial

gravity experiments. Principal moments of inertia for this
configuration are

I, = 0.929x10° I, = 4.405x10° I, = 4.572x10

6

all in slug—ftz. Three CMGs each with 2000 ft-lb-sec spin

angular momentum and each with a 120 ft-1lb maximum torque limit
are available for attitude control.

The CMGs are assumed to implement a control torque 7€
1 |

with components proportional to angular velocities wy and W,
1] 1

about two control axes in directions of unit vectors il and i2.
The constant of proportionality K is the same for both axes and

] 1
il and 12 are slightly misaligned from Skylab principal axes.

c— T .l L] .|
i) - Kuy 1,

_One‘source of wobble is crew motion. A worst case
crew motion is considered to result when three 200 1lb astro-
nauts move from the Skylab mass center to a position x, = 33.8 ft,

— - I3 3 . -' u' -' B
Xy = 10 f¢t, x3 = 10 ft in the dlrectlo?s of iy, iy, £3 respec-

» 1] ' 3 1
tively, where iy is perpendicular to il and ié. For the space-

craft initially spinning at a constant rate about the axis of
maximum moment of inertia X3 and for instantaneous movement of
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the crew, conservation of angular momentum may be used to
determine that Skylab receives instantaneous angular velocity
impulses

3

= 8.41x10 20 2

= 1.15x10 “u

“10 “20

MISALIGNMENT OF CONTROL AXES

The 1,2 sequence of small Euler angle rotations u,

and u, that rotate the unit vector ;; into the direction of X3
are assumed

= = °
My o 0.707

Applying the results of Appendix A, several state-
ments can be made concerning spacecraft motion and CMG require-
ments for Skylab. Even for small control axis misalignments,
the assumed control law damps wobble so that in the steady
state Skylab is spinning about a fixed line very near its X3

axis. Also, in the steady state, the CMGs attain a periodic
component of angular momentum in a plane nearly perpendicular
to X3 and a secular component nearly in the direction of x3.

A tradeoff exists between CMG momentum accumulation and the
damping time tD' defined herein as the time for wobble to decay

to 10% of the initial value. Decreasing K and consequently
increasing ts results in decreasing both the maximum magnitude

of the periodic component of the CMG momentum, hereafter called

AHmax' and the buildup rate of the secular momentum component,

hereafter called AH3/At. Decrease of tD always is at the

expense of increased accumulation of both CMG angular momentum
components. '

These tradeoffs between tD and momentum accumulation
are demonstrated in Figs.(l)-(3). Fig.(l) gives AH . with
respect to tD for w=2 rpm (upper curve) and for w=6 rpm (lower

curve). For Fig.(l), points are indicated on the curves for

which control torques do not exceed the designated values Thax®

These correspond to limits on the values of K. Limiting the
maximum control torque limits K for a particular set of initial
conditions as shown in Eq. (1) for control torque. Figs.(2) and
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(3) give AH /At in lO4 ft-1lb-sec per hour with respect to tD

for w =2 rpm and w =6 rpm, respectively. Considering minimum
damping times corresponding to the 360 ft-1lb CMG torque limit,
buildup rates are 22,000 ft-lb-sec/hr for w =2 rpm and 10,000
ft-lb-sec/hr for w-—6 rpm. Both of these saturate the capac1ty
of the three Skylab CMGs in a fraction of an hour, a clearly
unacceptable situation.

Since the secular components of angular momentum can
be shown to be proportional to quadratic terms in By and Moy and

a0 to zero for no micalionments of the contrel axes +hoco
3U LI\*M“*‘:ADIIIV‘Q rd b N N AA wde W e L A T L A

excessive accumulation rates can be alleviated by continual
realignment of control axes to the directions of spacecraft
principal axes. The problem of finding the location of princi-
pal axes can be resolved by using the two relations of Eq. (24)
of Appendix A and solv1ng these for My and Hy in terms of steady

state components Vl and V2 of spacecraft angular velocities in
the directions of the control axes

_ 1 ' ' 1
Wy =~ SV, + VK (I3-15)] My = 3

[V, - V,K/0(I3=I;)]

Since K, Il’ 12, I3 are known and w, Vi, Vé can be measured,

misalignments My and uy can be calculated.

Also, simply turning off control when wobble velocities
reach an acceptably low level would prevent continual accumula-
tion of components of CMG angular momentum caused by any inaccu-
racies in the reallgnment procedure. In addition, excessive CMG
momentum accumulation in the X3 direction can be transferred back

to Skylab by using the CMGs to impart a torque to the spacecraft
in the X3 direction, thereby changing its spin speed slightly

probably without significantly increasing its wobble.

CONTROL AXES ALIGNED

Now even though the misalignments of control axes are
made extremely small and momentum accumulation in the direction
of x3 is maintained at a low level, the magnitude of the accumu-

lated periodic component of angular momentum is of concern. It

is desirable to keep AHmax associated with an individual crew

motion small in comparison to CMG momentum capacity. Then,
numerous crew motions would not cause CMG momentum saturation
because over a large number of disturbances the resulting momen-
tum accumulations tend to cancel each other.
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Fig. (4) demonstrates the tradeoff between tD and

AH o w resulting from wobble damping of the worst case crew

motion for control axis misalignments assumed negligibly small.
This curve applies to Skylab for w > 2 rpm and shows that by
increasing tD through decreasing K, AHmax can always be reduced

to an acceptable level. Increasing K decreases tD but at the

expense of increased AHmax’ As indicated in Fig. (4), the maxi-
mum allowable K that insures the 360 ft-1b CMG torque limit is

not exceeded by the worst case crew motion gives minimum t_'s
of 0.8 minutes with 850 ft-lb-sec momentum accumulation for

w = 2 rpm and 2.4 minutes with 275 ft-lb-sec momentum accumula-
tion for w = 6 rpm. For operation at torque levels less than

CMG torque capacity, lower maximum torque values are indicated
on Fig. (4).

VENTING TORQUES

The analysis of Appendix B gives the effects of small
constant vehicle-fixed torques on satellite motion and control-
ler requirements for the assumed control law. By considering
venting torques?

Tl = 0.096 T2 = 0.048 T3 = 0.187

all in newton-meters, initially applied while Skylab is spin-
ning about its axis of maximum moment of inertia X3y assuming

Kl = K2 = K and Wy = Uy = 0, and applying the results of
Appendix B, several statements can be made.

Effects of venting torques are the same in nature but
much less severe in extent to effects of control axis misalign-
ments. Skylab wobble is damped such that the spacecraft in the
steady state spins about a line very near to x3. In the

steady state, the CMGs attain a periodic component of angular
momentum with maximum magnitude AHmax in a plane nearly per-

pendicular to X3 and a secular component AH3 nearly in the

direction of X3. Fig. (5) gives AHmax for K sized at each

spin speed such that the worst case crew motion would not
produce torques exceeding 360 ft-lbs. Fig.(6) gives AH3/At

in ft-1lb-sec/day with K sized for each spin speed as in Fig. (5).
Compared to the 6000 ft-lb-sec capacity of three CMGs, Figs. (5)

and (6) show that venting does not cause excessive CMG angular
momentum accumulation.
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CONCLUSION

Since wobble damping using CMGs requires alignment
of control axes and other measures for preventing CMG saturation,
additional computer capacity may have to be added to Skylab to
implement wobble control. The probable effort necessary to
provide Skylab with active wobble damping raises the basic
question as to whether or not CMG wobble damping is really
necessary for a Skylab artificial gravity experiment. Skylab
spinning about its axis of maximum moment of inertia has a
large angular momentum of the order of a million ft-lb-sec

and consequently is a very stable configuration. Only very
large external torques can produce wobble of sufficient magni-
tude to be detrimental to crew comfort.

Although sufficient experimental work likely has not
been conducted to firmly establish limits on man's physiological
tolerances and, adaptability to rotations, tentative limits have
been suggested . These indicate a ratio of spacecraft spin
speed w over wobble disturbance w3 of

w/wd > 50

for crew tolerance during normal operations. For limited time
periods

(L)/wd ->_ 5
is considered acceptable.

For the worst case crew motion involving instantaneous
movement of three astronauts from the Skylab mass center to the

farthest extreme w/wd A% 70, which is within crew tolerance limits,

S5ince in practice 2isturbances resulting from crew motions will be
substantially less, individual crew movements would not neces-
sitate active CMG wobble damping. Also, structural damping and
dissipative effects of fluids carried within Skylab may be suf-
ficient to prevent a long term cumulative buildup of wobble
resulting from numerous crew disturbances. 1In addition, for

the Skylab configuration modified with booms, significant

damping might be obtained through a suitable design of the

booms.

Other sources of Skylab wobble are venting torques,
spin-up and spin-down, and environmental torques. By setting
K1=K2=0 in the results of Appendix B, venting torques can be

shown to produce negligible wobble for Skylab uncontrolled motion.
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APPENDIX A

WOBBLE DAMPING USING A MOMENTUM EXCHANGE DEVICE

SYSTEM DESCRIPTION

The configuration to be analyzed is shown in Fig. (7)
and consists of a spinning satellite S carrying a system of
bodies. The motion of these bodies relative to S can be pre-
scribed s0 as to exchange momentum with 8§ and thereby produce
control torques on the satellite. (In practice these bodies
are typically control moment gyros or momentum wheels but it

is not necessary to specify these to formulate the problem.)

The mass center of S is termed S*. Principal axes
of inertia of S at S* are designated Xl’ xz, X3 and unit vect-
ors il’ 32, i3 are parallel to xl, Xz, X3, respectively. Corre-
sponding principal moments of inertia are I, I, I, I, being
the maximum moment of inertia. Unit vectors ii, ié, ié are

parallel to a set of axes fixed in S which are slightly misa-
ligned from Xl, xz, X3 and Hyrlgyrlg is the 1,2,3 sequence of

three axis Euler angles that describe the orientation of i,,

iz, 33 with respect to ii, ié, 1;.

The system of bodies carried within S is termed the
controller C and the motion of that system relative to S is
assumed prescribed so as to produce the control torque T€ on S

fo] L} .l ] .'
I == Kpup 1y - Kyuy il (1)

where Kl and K2 are positive constants and mi, wé, m; are com-

ponents of the inertial angular velocity of S in the directions
of i!, ié, ié, respectively.

EQUATIONS OF MOTION

It is convenient to write g? in terms of components
in the directions of principal axes. Since principal axes of S
are only slightly misaligned from control axes, the transforma-
tion matrix relating unit vectors may be linearized
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L . !
i, 1, 13
L 1wz oo 2)
2 TH3 1 M1
i 1

The inertial angular velocity Ig? of S may be written

3T up iy tupdyteydy ()

where wyr Wy, wy are components in the directions of principal

axes. Using Eq.(2) to eliminate i,, i,, i; gives

Wy = Wy T owy Mg twg o,
[}

Wy = wy towy U3z T owg by (4)
" = +

W3 T W3 T W) Uy T Wy Hy

Also, T may be expressed in terms of components in the directions
of i, i

110 1p0 15
T°" = =T, 1, - T, i, = T3 i, (5)

where*

*Numbers beneath equal signs are intended to direct atten-
tion to equations numbered correspondingly.
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lo] ] 1

T = K, w, + K, w, p = K, (wy=w, Ytw., H,) + K, w, u
1 (1,2) 171 2 2 73 (4) 1'1 "2 373 "2 2 2 "3
fo] ] ]

T = =K, w, U, + K, w = ~K. w, po + K (watw, po=w, Hq)

1

2 (1,2) 171 "3 2 2 (4) 171 °"3 27271 "3 73

T< K, w. K, . K K (6)

= Wq Mo - W, Y = Wq Ha = Wa M

3 (1,2) 171 "2 2 2 "1 (4) 171 "2 2 271

and where higher order terms in My i=1,2,3 have been dropped.

External torques will be neglected. Then, if g? and

g? designate the angular momentum of the satellite S and the
vector composite angular momentum of the bodies that make up
the controller C, the equations of motion may be written

ar®  aE®

—t+—;t—=-0 (7)

Since the motion of C is prescribed to produce on S the control
torque of Eq.(l), then

dau® -
3= T (8)
and consequently the equations of motion of the controller are

dH®
T T I (9)

Expression of the angular momentum of S in the principal axis
system, differentiation, and substitution of T€¢ from Egs. (5) and
(6) into Eg. (8) yields equations of motion for the satellite

I1 wy + (13-12)w3 wy = —[Kl(wl—m2 u3+w3 uz) + K2 W, u3] (10)
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I, wy = (I3~Ij)wgu;=~[-K; w; u3 + Ky (uytey pg=wy uy)] (11)
I3 wy = (Il—Iz)wlwz = - Kl Wy My + K2 wy My (12)

SOLUTION OF EQUATIONS OF MOTION

For Satellite

Eg. (12) may be written

| - _
wg = f; [(Il Iz)wl w, Kl wy My + K2 Wy pl] (13)

Since the terms on the right-hand side involve a nonlinear term
in wy and w, and wy and w, multiplied by Mo and Hyv these terms

may be considered small. Conseguently, the time rate of change
of wq is small and wg will be regarded as constant

Wy = W = W (14)
3 30

in the solving of Egs. (10) and (11) for wy and Wy The result

will be considered valid during such time interval that

w >> Aw

3 (15)

where Aw3 is computed by substitution of the solutions for o

1
and Wy into

t
Aw3 = .L [(Il-Iz)wl wy = Kl wy MWy + K2 ws pl]d£

(16)

-
w h‘
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Replacing wy by w in Egs. (10) and (11) and defining

T = wt dl = [(I3-I2)w + u3(K2—Kl)]/Ilw kl = Kl/Ilw
(17)
gives
dwl
Jr TRy eyt dy ey = -kiw o
dw
*aT - d2 u)l + kz w2 = k2w ul (18)

which has solutions

_ . -S.T
wy = Vl + (A1 cos s;t + A2 sin slr)e 0
wy =V, + (B; cos s;T + B, sin slr)e-soT (19)
where
wkz wkl
Vi=o g lndgtugky) Vo = —=lukymugpdy) e = 4,4, + kik,
(20)
and
- _ _2\1/2
Sy (kl+k2)/2 Sy (e so)
A, = gy -V B, = w -V A, = - :L(B +A.68.)
1 10 1 1 20 2 2 61 17170
_ 1 2 2
B, = q[Al(do + al) + B 60] (21)
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for
We m = W, i=1,2
i0 il ct=0 ’ !
8o = (kl—So)/d1 §, = sl/dl (22)

Also, from Egs.(4), (14) and (19)

[} ! T

= - - . -s
wy = Vl + [(Al Blu3)cos ST + (A2 B2u3)51n slr]e 0
t _ [ . -S,.T
wy = V2 + [(Bl+Alu3)cos sy T + (B2+A2u3)51n slrle 0 (23)
where
' wdl
Vy = Vy ey 3y T (Tupkatuydy)
. wdz
Vo =V, = ey (gp) " g (rpdytugky) (24)

Since Eqgs.(19) and (23) show that satellite angular
velocities decay to constant steady state values, the prescribed
control is seen to eliminate wobble.

The Ai”3 and Bi“3 terms in Eq. (23) are small in com-

parison to A; and Bj, i=1,2, and can be neglected. Also, for
I3—I2 or I3-Il not nearly zero or for K1 and K2 not so large

that control torques dominate satellite inertia torques (a like-
ly prospect for a momentum exchange controller of practical
size), the terms proportional to My in the definitions (Eqg. (17))

for dl and d2 are negligible in Egs. (19,20; 23,24). Consequent-
ly, for these cases, small My misalignments do not significantly

affect satellite motion. However, for small 13—12 or I3—I or

1

large Kl or K2, M3 terms in dl and d2 must be retained.

Now an estimate of the deviation bwg of wsg from its
assumed constant value will be obtained by substituting
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wy and w, from Eq.(19) into Eq. (16) and integrating to yield

Aw3 -SOT

— = T t i, te (c3 sin s;T + ¢, cos slr)

—ZSOT
+ e (cs sin 2slr + ¢ cos ZSlT) (25)

. “i0 “j0 “i0
where cz,...,ge are proportional to “iuj' m ~ and - pj.
For initial values ®y0 and ®50 of wy and w, very small in
comparison with initial value o of Wy the terms involving
Lore--sLg are very small. The value of the TqT term at decay
time L when the envelopes of the wobble angular velocities

have decayed to 10% of initial values is determined from

y _(kl+k2)
0'p _ 2 |'D

= 0.1 (26)

Solution for L gives

T = (27)

and t,Tp can be shown to be a very small quantity proportional
to quadratic terms in Hiv i=1,2 which goes to zero for k1 and
k2 approaching zero and goes to a maximum of

Aw I I
3 - 4.6 2 72 2 71
5 T M1 T TR K, (“1 I, 22T kl\) (28)
for kl and k2 approaching infinity. Consequently, angular

velocities determined from Egs. (19) and (23) are accurate not
only throughout the interval 0Ost<t, in which wobble rates are

significant but also for tr up to many times e
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For Controller

It is convenient to express equations of motion
Eq.(9) for C in an inertially fixed coordinate system with
axes parallel to initial directions of satellite principal
axes. First, Euler angles relating orientation of satellite
principal axes with respect to their initial directions must be
determined.

Let a 3,2,1 sequence of three axes Euler angles
¢3, ¢2, ¢, describe the orientation of i,, i,, i, with respect

S ~ —d e
to inertially fixed unit vectors 1197 1y9r i3 where 520=£zlt=0’
2=1,2,3. Eq.(l9) for angular velocities suggest that the satel-
lite axis of maximum moment of inertia X3 experiences small

motions in the neighborhood of its initial direction so that
¢l and ¢2 may be considered to have small values. Then the

linearized transformation matrix between unit vectors is written

i i is0
i Céj Sty —¢,
i - (29)
) S¢3 Cos3 %1

13 45 Sé3+ 65 Co3 4y Sé3 - 45 Co3 1

where s¢3 = sin ¢3 p c¢3 = cos ¢3
Also,
Lo o bl iy +wy i wn da = (by=dabo)is 4 ($otdodi)in + 4o i
= “1 21 2 =2 3 23 17%3%272; 27%3%172% 3 =3
(30)
Comparison of terms gives
wg = ¢3 (i=) w (31)
and wy (3=1) 91 = wdy w, (3=1) o5 + woq (32)
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Using Eq. (17) to write Eq. (32) in terms of 1, substituting o
and wo from Eq. (19) and solving the results yield

1

-SAT
¢i = ¢il + ¢i2 sint + ¢i3 cost + e (¢i451n slr + ¢i5cos slr)
i=1,2 (33)

where V2 Vi
11 = 21 = T o (34)

and ¢ij’ i=1,2; j=2,...,5 involve terms proportional to Vl and
Wegr L=1,2.

Now Eq.(9) can be resolved into the inertially fixed

axes system parallel to ilO’ 520, 330

dH

1 c c c
—_— = Ty Coy = T, Sy + T5(6,S¢,+$,Ch,)
dt (5,29) 1 3 2 3 3'T1TT3 Y2773

daH
- = T

2 Cc C
TE (5 59y 1 Sé3 + Ty Cog + T3(-¢;003+0,563)
14

dH

== = -T

3 = c c c
dt (5, 29)

1 ¢2 + T2 ¢1 + T3 (35)

where Hl’ H2’ H3 are components of the controller angular mom-
entum in the inertial reference frame.

Integrating both sides of the first two of Eq. (35),
using Eq. (6) and Eq.(31), and dropping ¢i“j terms, i=1,2;
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j=1,2,3 gives

T
_ 1 ' _ ' .
H1 = H1|T=0 + = ,[ (Klwl cosg K2w2 sing)dg
0
T
U3 ' . '
+ — J[ (Klwl sing + szz cosg)dg (36)
T
1 L !
H, = H2|T=0 + = J( (RKyw; sing + K,uw, cosk)dg
0
U3 1 [ .
- = A (Klml cosg - szz sin g)dg (37)

The second integrals of Egs. (36) and (37) can be dropped in
comparison to the first and evaluation of the remaining inte-
grals yields the changes AH; = H, (1) - Hilr=0’ i=1,2 in the

components of angular momentum of C.

_ 1 v ' - -
AH) = S[K;V; sint + K,V,(cost-1)] + N N

3 4

-SOT

+ e (Nl sin Ulr + N2 sin Ujr- N3 cos Ulr + N4 cos Uzr)

_ 1 ' _ ' .
AH2 = E[-Klvl(COST 1)+ K2V2 sint] + Nl-I-N2

-S.T
0 . . _ _ .
+ e (-N3 sin U1r+-N4 sin Uzr Nl cos Ulr N2 cos Uzr)

(38)
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where

Ul =1 + s1 U, =1 - s

_ 2 2
Nl = Pls0 + P4Ul)/(s0 + Ul) N

2 2
(st0 - P3U2)/(s0 + U2)

2
N. = (P.U. + P,s.)/(s2 + u?) N, = (P.s. + P.U.)/(s2 + U%)
3 1U1 + Bysgl/ sy + Uy 4 35g t BpUy)/(sp + Uy
(39)
and
B, = (KA, - K,B))/2u P, = (KA, + K,B;)/20
P, = (KA, + K,B,)/2u P, = (K;A; + K,B,)/2u (40)

Now, the steady state change in angular momentum of
the controller is of primary concern. Eq.(38) shows a periodic
change in an inertially fixed plane nearly perpendicular to the
satellite axis of maximum moment of inertia. The maximum magni-
tude AHmax of this periodic change can be shown to be

2 2)1/2
AHmax = max(AHl + AH2
1/2 '
sz; 2 Klvi 2 KlVi 2 K,V, 2
= {IN,-N,- =<] +{N.+N,+ + +
3 4 w 1 2 w w w

Integration of the third of Eq. (35) reveals AHg

involves a secular term, sinusoidal terms, and decaying sinusoid-
al terms, all of which are proportional to second and higher
terms in Wy and wio/m. Since all these except the time 'growing

term are small in comparison to terms of AH1 and AHz, only the
secular term will be carried in the description for AH3.

_ l '2 '2_ 1 _ 1 L ] 1 -
AH3 = IEIKlVl + KV, Klvlvld2 K, V,oVody + Vlvz(Klk2 szl)]r

(42)
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APPENDIX B

WOBBLE DAMPING FOR SMALL, CONSTANT, BODY-FIXED TORQUES

The effects of small, constant, body-fixed torques on
satellite and controller motion is investigated here. For con-
trol torques

- K Iy

1 0¥1 21 2 %2 I

o~
>
(FY)
N

where il’ 32, Wy, wy, are in the directions of satellite princi-

pal axes and for a constant external torque EF

E _ . . .
T = Tl i + T2 i, + T3 i (44)
satellite equations of motion are
Il wy + (I3—Iz)w3 wy = Tl - Kl wy (45)
12 wy = (I3-Il)w3 wy = T2 - K2 wy (46)
I3 vy - (Il-Iz)wl w, = Tj (47)
Eq. (47) may be rewritten
by = = [(T-I.)wy w, + T.] (48)
3 I3 17271 72 3

Since the first term on the right-hand side is nonlinear it may
be considered small and if attention is restricted to very small
external torques, then T3/Iq is also a small quantity. Conse-

quently, the rate of change of wg is a very small quantity and
wg will be regarded as constant

wq = w (49)
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in Egs. (45) and (46). The resulting solutions will be consid-
ered accurate during such time interval for which w>>Awg where

bug is computed by placing the solutions for wy and wo into
1 t
buy = F- f [(I;-I5)w; w, + T5ldeE (50)
3 %0
Defining
I,-1 I,-I
_ 13712 _ 37
P17 1 P2 = 1 Ly = Ty/ely Ly = Ty/ul,
(51)

and T, kl’ and k2 as in Eq. (17) of Appendix A, Egs.(45) and
(46) may be rewritten

1 _
gt T kpeptby ey, =1,
!/
dw2
- Cal b2 wy + k2 Wy = L2 (52)

These equations of motion for the satellite together
with the equations of motion for the controller are the same in
character as Egs. (18) and (9) and have solutions of the same
form. Solution of Eq. (52) yields

-SAT
W1 + (Dl cos SqT + D2 sin slr)e

wy

-SA.T
. 0
W2 + (El cos sqT + E2 sin slt)e (53)
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where

Wl = (le2 - L2b1)/f W2 = (le2 + szl)/f f ble + klk2

_ _ - - = - 1
Dy = wjp = Wy E) =uye - W, b, = al(E1+ Dy $y)
™ _ irn Ir2 N :2\ L ]
.L'42 = Gll_ul\uo - ul, g El 501 (54)
with W1gr Yoo 60, 61, Sgr S defined as in Egs. (21) and (22)

of Appendix A except for dl and d2 replaced by bl and b2.

Also, the value AH
max

controller periodic component of accumulated angular momentum
in a plane nominally perpendicular to X5 and the value AHg of

of the maximum magnitude of the

the time increasing component nominally in the direction of X3

are given by relations similar to Egs.(41l) and (42) of Appendix

A.
1/2
Kz""z2 K1""12
AHmax= M3-M4——-w + Ml+M2+ m
1/2
2 2
KW K. W
+<11)+(22) (55)
W (V]
pH. = L (K.w?(1-b,) + K.W2(1-b.) + W.W, (K k,-K.k.)]1 (56)
3 = —3lK W 30y W5 (1-by 1Wo (K ky-Koky

where Mi is computed just as Ni’ i=l,...,4 of Eqg. (39) of
Appendix A except Al, Bj are replaced by Dj’ Ej, j=1,2,

respectively.
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FIGURE 1 - MAXIMUM MAGNITUDE OF PERIODIC COMPONENT OF CMG ANGULAR

MOMENTUM VS. DAMPING TIME FOR ONE DEGREE PRINCIPAL AXIS
MISALIGNMENT AND WORST CASE CREW MOTION



AH;
At

(MOMENTUM BUILDUP RATE 10* FT-LB-SEC PER HOUR)

- T =360 FT-LBS

max

< Tynax = 200 FT-LBS

1 ] 1 1 L

2 4 6 8 10
tp (TIME TO DAMP TO 10% OF INITIAL VALUES — MINUTES)
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MOMENTUM VS. DAMPING TIME FOR ONE DEGREE PRINCIPAL
AXIS MISALIGNMENT AND w =2 RPM
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FIGURE 3 - BUILDUP RATE OF SECULAR COMPONENT OF CMG ANGULAR
MOMENTUM VS. DAMPING TIME FOR ONE DEGREE PRINCIPAL
AXIS MISALIGNMENT AND w = 6 RPM
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FIGURE 4 - MAXIMUM MAGNITUDE OF PERIODIC COMPONENT OF CMG ANGULAR
MOMENTUM VS. DAMPING TIME FOR WORST CASE CREW MOTION

12



“W°N £81'0 = 21 “W "N 8v0°0 = A1
“IN "N 960°0 = X1 SINDHOL DNILNIA NVIW 8YTANS HO4 WNLNIWOW
YVINONY DND 40 LNINOJWOD D1d0IH3d 40 IANLINDVIN WNWIXVIA - § JHNDIA

(WdY) @33dS NIdS 8VIANS

L 9 G v € 4
| !

o

—

|
™
o

(03s-97-14 WNLNIWOW 21A01H3d 40 IANLINDVIN WNWIXVYIN) XBWHy

90




“W'N £81°0 = 2L “W "N 8v0°0 = A1
“IN "N 960°0 = XL SINDHOL DNILNIA NVIW SVIANS HO4 WNLNIWOW
HYTNONY DI 40 LNINOJWOD HYINI3S 40 31VH dNATING - 9 IHNDIS

(WdY) 3LVH NIdS GVIANS

L 9 S 4 € [4
' ! ]

o

-

—1¢0°0

1w
tHY

|
&
o
(AVQ/035-87-14 31VH dNATING WNLNIWOW)

ZLo



L 34NOI4




